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Abstract We study two initial value problems of the linear diffusion equation 
^^ ' ut — Uxx and the nonlinear diffusion equation ut = {l+Ux"^)^^ u^x, when Cauchy 

j—^ \ data m(x,0) = ^0(2;) are bounded and oscillate mildly. The latter nonlinear 

^sg ■ heat equation is the equation of the curvature flow, when the moving curves 
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are represented by graphs. In the case of lim|2.|_j.^oo |a^uo'(a^)| = 0, by using an 
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for the linear heat equation ut = Uxx, where x € M and F{z) := -^^ J_ e~^ dy. 
n I \ Further, by combining with a theorem of Nara and Taniguchi, we have the 

.^\ • same result for the curvature equation ut = (1 + Ux'^)~^Uxx- In the case of 

lim|^l_^_i.o |2;uo'(x)| — and in the case of sup^g^ |a:wo'(2;)| < +00, respectively, 
we also give a similar remark for the linear heat equation ut = Uxx- 
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1 Introduction 

In this paper, by using an elementary scaling argument, we study space-time 
behavior in the Cauchy problem of the heat equation 

, - ( ut{x,t) ^u^^{x,t), (x,t) e R X (0, +00), 

^ ' ' \ u{x,0) = uo{x), xeR, 

when the initial values uq{x) are bounded and oscillate mildly. We also study 
the Cauchy problem of the nonlinear diffusion equation 

(1.2) I ut{x,t)= i+^rjff)). , (x,t)eMx(0,+^), 

1 u{x,0) = uo{x), X e R, 

which is the equation of the curvature flow when the moving curves are repre- 
sented by graphs. 

First, we mention criteria for stabilization of the solution u(x,t) to the 
Cauchy problem of the heat equation ut = u^x- From [3, 11, 4, 2] (e.g.), we see 
the following: 

Theorem 1 LetuQ E L°"(R) and c E R. Then, the solution u(x,t) to (1.1) sat- 
isfies limf_5._|_oo w(x, t) ^ c if and only ifuo(x) satisfies limij_>._|_oo Jr I-r ""0(2; + 
y)dy = c. Moreover, u{x,t) satisfies limj^+oo sup^gg |u(a;, t) — c\ = if and 

only if uo{x) satisfies limfl^+00 sup^^R \jjiJ_j^ uo{x + y)dy - c| = 0. 

On the other hand, Collet and Eckmann [1] given a simple example of a bounded 
initial value uo{x) where the solution u{x, t) to (1.1) oscillates forever as t — > +00 
(See also [5]). So, the large-time behavior of a solution u{x,t) to (1.1) with a 
bounded initial value ^0(2;) may be complex. Indeed, Vazquez and Zuazua [13] 
showed the general behavior is very complex: 

Theorem 2 (i) Let uq € i°°(R). Then, the set of accumulation points in 
Lf^^(R) o/{(e'^*uo)(v^' )}t>o as t ^ +00 coincides with the set {{e^(j)){ ■ )\(f> E 
A}, where A is the set of accumulation points 0/ {'Uo('^ ■ )}a>o o,s A — > +00 in 
the weak-star topology a{L°°,L^). 

(a) Let c> and Be ^ {f e i°°(M) | ||.f||L- < c}. Let Mc be the set of 
f € Be such that the set of accumulation points of {/(A • )}a>o as A — > -l-oo in 
the weak-star topology a{L°°, L^) is Be- Then, Aic is dense with empty interior 
in Be with the weak-star topology a{L°° ,L^). 

They also showed the general behavior in a number of evolution equations on 
R^ is complex. However, the behavior may be rather simple, if the initial 
value oscillates mildly. In this paper, we prove the following, which is a remark 
on the long-time behavior in the Cauchy problem (1.1) when the initial value 

uo{x) e L°°(M) n CHR\ {0}) satisfies lim|^|^+oo \xuq'{x)\ = 0: 

Theorem 3 Letuo G L°°(R)nCi(R\{0}) and lim|^|^+oo \xuo'{x)\ = 0. Then, 
the solution u{x,t) to (1-1) satisfies 



lim sup 

*^+°°i:e[-L,+L] 



i{Vtx,t) - (F{-x)uo{-Vt) + F{+x)uo{+Vi)^ 

2 

for all L > 0; where F{z) :— ^j^ /_oo ^~^dy. 



Corollary 4 Let uq G L°°(R) n C^iR \ {0}) and lini|^|^+^ \xuo'{x)\ = 0. 
Then, the set of accumulation points in L^^(M) of {{e uo){^/t ■ )}t>a as t ^ 

+00 coincides with the set {aF{—-) + /3_F(+ • ) | (a, /3) S A}, where F{z) :— 
2 

2^/_^e~^(ij/ and A is the set of accumulation points in M^ of {(mo(— A), 
"o(+A))}a>o as A ^ +00. 

We also prove the following two: 

Proposition 5 Let uq e L°°(M) n C^iRX {0}) a^rf lim|^|^+o |a;uo'(a;)| = 0. 
Then, the solution u{x,t) to (LI) satisfies 



lim sup 



i{Vtx,t) - (^F{-x)uo{-Vt) + F{+x)uo{+Vt)^ 







2 

for all L>0, where F{z) := ^ J^^ e^^dy. 

Proposition 6 Let uo <= C"'^(K\ {0}) and supj.gj{WQi |xwo'(a;)| < +00. Then, 
the solution u{x,t) to (LI) satisfies 

i{Vtx,t) - (F{-x)ua{-Vt) + F{+x)uo{+Vi)^ 
<G{-x) (sup|yuo'(y)|) +G{+x) ( sup |yMo'(y)| 

\y<a J \y>0 



for all {x,t) e K X (0,+oo), where F{z) :— y7^ jloo^ " '^V '^^'^ ^{^) 
277 Jo e 4 llogyldy. 

Remark (i) Let (a, 6) e M^ and 

a (x < 0), 



"°(^)^^ 6 (x>0). 
Then, the solution u(x,i) to (1.1) satisfies 

u{Vtx, t) = aF(-x) + bF{+x) 

2 
for all {x,t) e M X (0, +00), where i^(z) :— ^^ /.^^^ e~^dy. 

(ii) Let u(x,t) be the solution to (1.1). Then, the function 

v{x,t) := u{e^x, e*) 
is the solution to 

vtix,t) = v^^{x,t) + ^Vx{x,t), (x,t) e M2, 
w(x,0) = (e^uo)(a;), x € R. 

(iii) Let ui{x) ^ (/)i(log(— x)) and 1*2(2;) = </'2(log(+x)). Then, xui'(x) = 
(/)i'(log(-x)) and XU2 {x) = (/)2'(log(+x)). 

Nara and Taniguchi [9] showed that the difference between the solution to the 
heat equation (1.1) and that to the curvature flow equation (1.2) with the same 
initial value is of order 0(t^2) as i ^ +00. Precisely, they given the following 
theorem: 



Theorem 7 Lete > 0. Suppose uq G C^(R) saizs/ies sup^gJ^(|^io(a;)| + |uo'(2;)|- 



|M/^_(2l)-M(/^_(£2)i 

|2:i-2;2h 



< +00. Then, the max- 



\uo"{x)\) < +00 and sup^^ ,;^gR ,;^_^^^ 

imum interval of existence of the classical solution u{x,t) to (1.2) is [0, +00) 

and the solution u{x,t) satisfies 



sup t2 

t>0,a;GR 



u{x, t) 



1 



2V7rt 



+00 



e « uo{y)dy 



< +00. 



Therefore, by combining it with Theorem 3, we have the foUowing remark on 
the long-time behavior in the Cauchy problem (1.2): 

Corollary 8 Let e > 0. Suppose uq E C^(]R) satisfies sup^^gJ\uo(x)\ + \uo'(x)\ 



+ \uo"{x)\) < +00, sup^^,;^gR,;^_^^^ 

jxuo'C^;)! = 0. Then, the solution u{x,t) to (1.2) satisfies 



|Mo"(a;i)-Mo"(z2)| 
|a;i-a;2| = 



< +00 and lini 



lim 



sup 

xe[-L.,+L\ 



i{Vtx,t) - (F{-x)uo{-Vt) + F{+x)uo{+Vi)J 



|a:|— >-+oo 



= 



2 

for all L > 0, where F{z) := yi= /_oo ^^^ dy. 



Nara [8] showed that the difference between the solution to the heat equation 
on R^ and that to the mean curvature flow equation on M.^ with the same initial 
value is of order 0(i~2 ) as i — >■ +00, when the initial value is radially symmetric. 
See [12, 6] for the difference between the behavior of a disturbed planar front 
in a bistable reaction-diffusion equation and that of a mean curvature flow with 
a drift term. See [10, 14, 12, 7] for other nontrivial large-time behaviors in 
nonlinear diffusion equations. 



2 Proof 

Lemma 9 The solution u{x,t) to (1.1) satisfies 



sup 

xe[-L.,+L\ 



u{Vtx, t) - {aF{-x) + bF{+x)) 



< 



1 



+00 



Pl[ 



(z) ( uo{—Viz) - a + UQ{+Viz) — bj 



dz 



(.---or 



for all (i, t) e (0, +oo)^ and (a, b) e M^, where pl(z) '■— sup^j^gr^^^^^i e~' r'^ . 

Proof. From 

1 r+°° 



i{ytx, t) 



2V^ 



uo 



{Viy)dy 



2v^7o 
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'^ uo[—\'tz)dz + 



2V^7o 



+ 00 



e -i uoy+vtzjdz, 



we see 



u{Vix, t) - {aF{-x) + bF{+x)) 



1 



(»-(-x))^ 



20? 7o 

1 /•+00 



I uo(— Viz) — a) dz 
(uo(+\/^z) 



6Wz. 



2V^7o 
So, we have the conclusion. 



Lemma 10 Let uq E C^(R\ {0}) and a > 0. Then, hni|j.|_^_|_oo |a:;uo'(a;)| = 
implies \im\g\^^^ \u(){sa) — U(){s)\ = 0. Also, hni|j,|_^_|_o |xMo'(a^)| = implies 
hni|^l^+o \uQ{sa) - uq{s)\ = 0. 



Proof. We see 



\uo{sa) - uq{s)\ = 



1 



suq {sz)dz 



< I a H 1 sup |suo'(s2;)| 

^J min{a,i}<|z|<max{a,i} 

< [ a -\ 1 sup |5zwo'('^^)| 

^ / min{Q:,-^}<|2:|<inax{Q:,-^} 

a H j sup |a:;Mo'(a;)|. 

Q^/ min{a,i}|s|<|2;|<max{Q,i}|s| 

So, we have the conclusion. 

Proof of Theorem 3 and Proposition 5. We see 

uo{-Viz) - UQ{-Vi) + uo{+Viz) - uo{+Vi) < 4||uo||lo 



for all t > and z > 0. Hence, because of p^ € L^((0, +00)), we have the 
conclusions by Lemmas 9 and 10. I 

Remark Let ui{x) = (j)ii\og{—x)), U2{x) = (/)2(log(+x)) and a > 0. Then, 
lim|^l^_i_Qo 101 (-2 + log a) — (j)i{z)\ =0 implies lims_)._oo \ui(sa) — ui{s)\ — Q and 
lims_5._o \ui{sa) — ui{s)\ — 0. Also, lim|2|_5.+oo \4>2{z + ^ogoi) — (j)2{z)\ — implies 
lims^+00 \u2{sa) - U2{s)\ = and limg^+o \u2{sa) - U2{s)\ = 0. 

Proof of Proposition 6. From 

uiVix,t) - (^F{-x)ua{-Vi) + Fi+x)uoi+Vi)^ 

(uo{-Viz) - uo{-Vt)] dz 



we see 
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{+Vty)uo' i+Vty) 



dy dz, 



2V^io 
{Vix,t) - (^F{-x)ua{-Vi) + F{+x)ua{+Vi)'^ 



< 



2V^, 
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/' + 00 
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SUPs<olW(s)| 

1 y 

suPs>o |suo'(s)| 



+00 



^ sup^^o|sMo'(s)| 

20? Jo 

sup^>o|suo'(s)| /■+°° 
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dz 
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e 4 |logz|(iz 



2^A 
So, we have the conclusion. 



e 4 I log 2; I dz. 
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